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Abstract: A graph with vertex set V is said to have a prime labeling if its vertices are labeled with
distinct integers 1,2,...|V| such that for edge xy the labels assigned to x and y are relatively prime .
A graph which admits prime labeling is called a prime graph. In this paper, we investigated prime
labeling for Chavatal related graphs.
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I.LINTRODUCTION

In this paper, only finite simple undirected graphs are considered. The graph G has vertex
set V =V (G) and edge set E = E (G). The set of vertices adjacent to a vertex u of G is denoted by
N(u). For notations and terminology we refer to Bondy and Murthy [1].

The notion of prime labeling was introduced by Roger Entringer and was discussed in a paper
by Tout [6]. Two integers a and b are said to be relatively prime if their greatest common divisor is
1.Many researchers have studied prime graph. Fu.H[3] has proved that the path B, on n vertices is a
prime graph.Deretsky et al [2] have proved that the cycle C, on n vertices is a prime graph .Around
1980 Roger Entringer conjectured that all trees have prime labeling which has not been settled so
far.

In [7] S.K. Vaidhya and K.K. Kanmani have proved that the graphs obtained by identifying any
two vertices duplicating arbitrary vertex and switching of any vertex in cycle C, admit prime
labeling. In [5] Meena and Vaithilingam have proved the Prime labeling for some helm related
graphs.

I.LPRELIMINARY DEFINITIONS
Definition 2.1

Let G = (V (G), E (G)) be a graph with P vertices .A bijection f:V (G)— {1, 2...P} is
called a prime labeling if for each edge e =uv, gcd{f(w), f(v)} = 1. A graph which admits prime
labeling is called a prime graph.

Definition 2.2

Duplication of a vertex v of graph G produces a new graph G by adding a new vertex v’
such that N(v") = N(v). In other words a vertex v is said to be duplication of v if all the vertices
which are adjacent to v in G are also adjacentto v'in G .
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Definition 2.3

The corona of two graphs G;and G, is the graph G = G;®G, formed by taking one copy of G; and
|V (G,)| copies of G, where the i*" vertex of G, is adjacent to every vertex in the i*" copy of G,.

Definition 2.4

< G, Ky, >m = 1is the graph obtained by attaching K, , to one vertex of the graph G.

IHI.MAIN RESULTS
Definition 3.1

A Chavatal graph is a triangle free 4 — regular graph with 12 vertices and 24 edges as
shown in the figure 1.

Figure:1 chavatal graph

Theorem 3.2
The Chavatal graph is not a prime graph.
Proof:
Let G be a Chavatal graph. The vertex set of G is V(G) = {v1, v, cov vor oo Vi2}

The edge set of G is E(G) = {v;v;41/1 <i <11}V {v;v;43]i = 1,4,7} U {v;v13]|i = 1,6,8} U
{17217l' , i = 6,8} U {17317l'| i = 9,11} U {USUili = 9,11} U {U1U10}
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Here G is a 4 regular graph and having 12 vertices ,24 edges .Therefore G must contain at the
most two edges have even labels .Any prime labeling of G,it is not possible to assign even labels for
two adjacent vertices. Hence chavatal graph is not a prime graph.

Theorem 3.3

Let G be a chavatal graph .Then GOk, is a prime graph.

Proof:

Let G be a Chavatal graph. Let G* = GOk; .
The vertex set of G* iSV(G*) = {v1, Vg, v cvev s V12, V1, V2 5 e, V12 b
The edge set of G™ is

E(G*) = {vivH—l/l i< 11}U {vivi+3|i = 1:4':7} U {viv12|i = 1;6;8} U {UZUili = 618} U
{vsv;]i = 9,11} U {vsv;li = 9,11} U {v vy} U {vv; 11 <i <12} .

Then G has 24 vertices and 36 edges.

Define a labeling f: V(G*) = {1,2, ... ... ... ... 24} as follows.
fwv)=2i-1,i=1234,6,7910,11,12;

fws) =10 ; f(vg) =16;

f(v;) =2i,i =1,2,3,4,6,79,10,11,12;
flvs) =9 ;

f(vé) =15.

Now,g.c.d {f(v), f(vi;1)} =g.c.d{2i —1,2i+ 1} =1 for i =1,2,3,4,6,79,10,11
g.c.d{fw), fwis3)}=g.c.d{2i —1,2i+5} =1 for i =1,4,7
g.c.d{f(w), f(vix)}=g.c.d{2i—1,23} =1 for i =1,6,8
g-c.d{f(v2), f(ve)} =g.c.df3,11} =1
g-c.d{f(v2),f(vg)} = g.c.d{3,16} =1
g.c.d{f(v3),f(v)}=g.c.d{52i—1}=1 for i=9,11
g.c.d{f(ws), f(v))} =g.c.d{10,2i —1} =1 for i=9,11
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Thus for any two adjacent vertices x & y are labeled and g.c.d{f (x), f(y)} = 1vxy € E(G").
Hence f admits a prime labeling .Hence G'is a prime graph.

Illustration of theorem 3.3

Vio g 20 15 v, o 14

Figure :2 Prime labeling of GOK; where G is a Chavatal graph
Theorem 3.4
Let G be a chavatal graph .Then the graph GOK," is a prime graph.
Proof:

Let G be a chavatal graph .Let G = GOK,.Let the vertex set of G isV(G*) =
(U1, Vg coe eee ee e 012, V1, Vg, woneee wv 2 U2, Ug, Uy eoe eee ooe .. Uy ). The edge set of G is

E(G") = {viviy1/1 <1 < 113U {yvi3li = L,4,73 U {vvy|i = 1,68 U {vyv;, i =
6,8Uv3vi i=9,11Uv5vii=9,11U{v1vi0}V{ vivil 1<iK12) {viui/1<i<12}

Then |V(G")|=36 and |E(G")|=48.Define the labeling f: V(G*) = {1,2, ... cc. ee. ... ....36}
by f(v,) =2i—1,i =1,2,3,4,6,7,9,10,11,12
flws) =10 ; f(vg) =16 ; f(v;)=2ii=1234679101112 ;

f(vs)=9; flug) =15 ; flw1) =24+1i,i=12367891011 ;
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flus) =29 ; f(ue) =28
Clearly any two adjacent vertices x and y are labeled and g .c.d{fx),f(¥)} =1V xy € E(G").
Hence £ admits a prime labeling and hence G is a prime graph .

Illustration of Theorem 3.4

(VETS) 33

Ui

vy, @ 22

Vi, _ 24

Figure :3 Prime labeling of GOK,¢ where G is a chavatal graph.

Theorem 3.5

Let G be charatal graph .The graph obtained by duplicating the vertex of GOK,° is a prime
graph .
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Proof:

Let G” be the graph obtained by duplicating the vertex of GOK," where G is a chavatal
graph. Let w be the new vertex by duplicating a vertex in GOK,° .

Let (G*) = (U1, V2, e eev ee e V12, V1, Vg eee s V12, Uy Uz, wer e e Ug, W} Then (G*) = 37

Define a labeling f: V(G*) - {1,2, .......37} as follows

fwv)=2i-1,i=1234,6,7910,11,12

flvs)=10 ;  f(vg) =16 ; f(v;)=2ii=123467910,1112 ;

f(vs) =9 flug) =15 ; fluipq) =24+1i,i=12367891011 ;

flus) =29 ; f(ug) =28 ; f(w) =37.
Then clearly any two adjacent vertices x and y are labeled and g.c.d{f (x), f(y)} = 1Vxy € E(G™)
Thus f admits a prime labeling and hence G is a prime graph.

Illustration of theorem 3.5

I

V3 6 Us 26 V4,
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Figure: 4 Duplication of a vertex v, of a graph GOK,¢ where G is a chavatal graph
Theorem 3.6
The graph < G, kq,, >,m = 6, is a prime graph where G is a chavatal graph.

Proof:

Let G be a chavatal graph. Let G* =< G, ky,,, > ,m > 6. The vertex set of G is

V(G™) = {V1, V3, v e e V1. U, U,y e e e ,Un} .Let v; be the common vertex of G and
Kim.

Then |V(G*)| =12+ mand (G*) = 24 + m,m = 6 .The edge set of G*is

E(G*) = {Vivi+1/1 <i< 11}U {Ul'vl'+3|i = 1,4‘,7} U {Ul'vlzli = 1,6,8} U {Uzvi , i= 6,8} U
{vav;| i =911} U {vsv;|i = 9,11} U {v1v1p} U {vv|1 <i <m}.

Define a labeling f: V(G*) — {1,2, .....|[V(G™)|} as follows.
f(w)=2i—1,i=1234579;
fwe) =14 ; f(vg) =16 ; f(v) =18 ; f(vy1) =11 f(vy2) =15
fu)=2i,i=123456 ; f(w)=12+i,7<i<m.
Clearly all the vertices have distinct labels and g, c.d{f (x), f(y)} = 1Vxy € E(G") .

Then f admits a prime labeling .Hence < G, kq,, >, m = 6, is a prime graph.
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Illustration of theorem 3.6

Figure: 5 Prime labeling of the graph < G, Ky ,, > ,m = 6 where G is chavatal graph.

Theorem 3.7

Let G be a chavatal graph .The graph obtained by duplicating a vertex of < G,k ,, >
, 6 <m < 24 isaprime graph.

Proof:

Let G* be a graph obtained by duplicating a vertex of < G,k ,, >,6 < m < 24 where G is
a chavatal graph . Let ¢* =< G,K;,,, > ,6 <m < 24.Letw be the new vertex by duplicating a
vertex of the graph G*.

The vertex set of G* isV(G") = {vy,v3 v .. ... V12, U, Ug, cen oo ,Um, W} Then [V(G*)| =13 +
m,m=6.

Define a Labeling f:V(G*) = {1,2, ... ....|[V(G™)|} as follows.
fw)=2i-1,i=12345"79;
fve) =14;f(vg) =16 ; f(vip) =18 ; f(v) =11 ; f(v1) =15 ;
fw)=2i,i=123456; f(w)=13+i, 7<i<m; f(w)=19.
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Clearly all the vertices have distinct labels and g. c. d{f (x), f(y)} = 1vxy € E(G").
Hence the duplication of a vertex of < G,kq,, >,6 <m < 24 is a prime graph.

Example 3.8

Figure: 6 Duplication of a vertex v4 of < G,K; ¢ >

Theorem 3.9

Let G be a chavatal graph .The graph < G,ky,, > +k;,6 <m < 24 is a prime
graph.

Proof:

Let G be a chavatal graph .Let G* =< G, ky,, > +k;,6 < m < 24 .Let w be the new vertex of
G*.
Let the vertex set of G*be V(G*) = {vy,v3 ... ... ... V12, U, U ee v Uy, W} . Then |V(G*)| = 19.
The Edge set E(G) = {'UL"UL'+1/1 <i < 11} U {Uivi+3|i = 1,4‘,7} U {Uivlzli = 1,6,8} U
{fvov;, i =68} U{vv;|i =911} U {vsv;|i = 9,11} U {vv0} U{wy[1 <i <12} U

frviyll <i<m}uf{wyl|l <i<m}

Define a labeling f: V(G*) = {1,2, ... ... .. ... [V(G™)|} as follows
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f(vi) =2i—-1i= 1!2131415)7)9 ; f(vﬁ) =14 ; f(US) =16 ; f(UIO) =18 ; f(vll) =11

fvp)=15; f(w)=2i,i=123456 ;fw)=19 ; f(y)=13+i ,7<i<m .
Clearly all the vertices have distinct labels and gcd{f(x), f(¥)} = 1V xy € E(G") .

Hence < G, kq,, > +ky, 6 <m < 24 isaprime graph.

Illustration of theorem 3.9

Figure :7 Prime labeling of the graph < G,K;¢ > +k;, where G is chavatal

IV.CONCLUSION

In this paper, prime labeling for the special graph namely Chavatal graph is investigated .Extending
the graph by the operation duplication is also discussed. Further discussion will be performed in this
context.
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